Addition plays a central role in mathematics and physics, while adders are ubiquitous devices in computation 1 and electronics 2 . In this sense, usual sum operations can be realized by classical Turing machines 3 and also, with a suitable algorithm, by quantum Turing machines 4,5 . Moreover, the sum of state vectors in the same Hilbert space, known as quantum superposition, is at the core of quantum physics. In fact, entanglement and the promised exponential speed-up of quantum computing are based on such superpositions. Here, we consider the existence of a quantum adder, defined as a unitary operation mapping two unknown quantum states encoded in different quantum systems onto their sum codified in a single one. The surprising answer is that this quantum adder is forbidden and it has the quantum cloning machine as a special case 6 . This no-go result is of fundamental nature and its deep implications should be further studied.
with fixed global phase for each input state. The ancillary state |χ may depend on the input states, otherwise our quantum adder is equivalent to a (forbidden) quantum cloner. In this sense, if quantum cloning were possible, a full state tomography could be performed and, consequently, the quantum sum would be possible. Their equivalence follows from applying U to two equal states U |Ψ |Ψ = |Ψ |χ , since the inverse generates a cloning operation. Therefore, quantum cloning and this restricted quantum sum are equivalently forbidden 6 . However, although the general case of the quantum adder (1) is not equivalent to a quantum cloner, it is still forbidden.
The nonexistence of the quantum adder (1) can be derived from the orthogonality conditions imposed by unitarity. Let us consider the action of the unitary operator U onto a set of orthonormal vectors:
Hence, as U is a unitary matrix, it imposes some orthogonality conditions on the final vectors, B 0 |B i = B 0 |B j = B i |B j = 0 and B i |B j = B i |B j = δ i,j , with i, j = 1, . . . , d − 1. The second subspace has dimension d, but these constraints require the existence of at least 2d − 1 orthonormal vectors, which is impossible.
Beyond the sum of quantum states (1), we may also consider the statistical addition of density matrices. Here, the input states are the tensor product of any pair of density matrices σ = ρ 1 ⊗ ρ 2 ∈ B(C 2d ⊗ C 2d ), while the output state is the statistical sum ρ = 1 2 (ρ 1 + ρ 2 ). The Kraus operators of the quantum channel realizing this adder are given by
Moreover, properly modified Kraus operators allow us to extend the previous result to any convex combination of the input states. Therefore, the considered addition of density operators is always possible.
Let us compare the adders for state vectors and density operators. By writing the input states in Eq. (1) as density matrices, ρ = |Ψ 1 Ψ 1 | ⊗ |Ψ 2 Ψ 2 |, both adders yield
By comparing both adders in Eq. (2), we can infer that the one in Eq. (1) would require the knowledge of the sum coherences, which were supposed unknown. This prohibition is of fundamental character in quantum physics, comparable but more general than the no-cloning theorem.
